We analyze the problem of one dimensional quantum particle falling in a constant gravitational field, also known as the bouncing ball, employing a semiclassical approach known as momentous effective quantum mechanics. In this formalism the quantum evolution is described through a dynamical system of infinite dimension for the position, the momentum and all dispersions. Usually the system is truncated to have a finite dimensional one, however, in this case equations of motion decouple and the system can be solved. For a specific set of initial conditions we find that the time dependent dispersion in position is always around the classical trajectory.
I. INTRODUCTION
The description of classical and quantum phenomena has in general, profound differences in its mathematical formulation and its physical interpretation. On the one hand, in classical mechanics one studies the state of physical systems by analyzing the movement of its constituents under the influence of external forces, or its energy (Hamiltonian) description, and the time evolution of such systems is based on a set of ordinary differential equations of motion. In such a way, once the physical variables describing the system are obtained as functions of time, for a set of initial conditions, one knows a priori the behavior of the system at all times, hence classical mechanical systems are completely deterministic. On the other hand, quantum systems have a probabilistic description, for instance, it is not possible to know simultaneously the position and momentum of a given particle at a given time, according to Heisenberg's uncertainty principle, therefore the concept of trajectory is lacking. All the information of the system is codified in the wave function ψ(x, t), whose squared norm gives the probability of the system of being in a certain state. The evolution of the wave function is determined by solving the well-known Schrödinger equation.
Given the probabilistic nature of the quantum me-chanical description of physical systems, its interpretation is not always straightforward, being also complicated because the solution of the Schrödinger equation involves boundary conditions, even for the simplest systems. Hence, the use of approximation methods is not only desirable but necessary in order to study such systems and to better understand their behavior. There exist several such methods, most notable the WKB and perturbation methods [1] . It is possible however, under certain assumptions, to give an equivalent description to the quantum evolution by means of a quasi classical description, on the grounds that quantum mechanics should reduce to a classical theory in limit when → 0. Indeed, the so-called Ehrenfest theorem says that, for a sufficiently narrow wave package, the expected value of the position in that state follow on average a classical trajectory. However, an infinite number of corrections around such classical trajectory are needed to reconstruct the corresponding quantum state [2] . Hence, in order to describe the behavior and evolution of a quantum system by means of a set of quasi classical differential equations, evolution equations for quantum corrections must be included.
Semiclassical effective quantum mechanics is an approach that has been developed to systematically analyze quantum effects through modifications of the classical equations, leading to observable effects as deviations from the classical behavior [3] . This approach allow us to approximate the evolution of the quantum state of the physical system through a hierarchy of coupled classical dynamical equations for configuration variables and for quantum dispersions or uncertainties, that in turn and under certain conditions, can be considered corrections that slightly modify the classical behavior. The method not only serves as an approximation to the quantum behavior but it is equivalent to the latter when all the infinitely many quantum corrections are taken into account. It also proves useful when the concept of quantum trajectory is needed because semiclassical trajectories can be generated in this setting.
In this work we apply the momentous effective formalism to a quantum particle in a the presence of a gravitational potential. For this problem it is shown that the effective system reduces to a finite number of quantum corrections, thus making the system exactly soluble. In section II we review the classical and quantum dynamics of the quantum ball. In section III we describe the method of effective equations for the moments, i.e. classical and quantum variables, analyzing the quantum gravitational effect on the bouncing ball and discuss its deviation from the classical behavior due to quantum corrections.
II. QUANTUM PARTICLE IN A GRAVITATIONAL POTENTIAL AND SCALING

A. Classical bounce
The dynamics of a particle under the influence of a gravitational potential V (x) = mgx is governed by the Hamiltonian
For general initial conditions (x(t),ẋ(t))| t=0 = (x 0 , v 0 ), the solution of the equations of motion for the position x as a function of time is
where g is the acceleration due to gravity. As aforementioned Eq. (2) determines the position of the particle for any time t > 0. Without any lose of generality we can choose v 0 = 0, a different value of the initial velocity simply shifts the value of x 0 . As in [4] , we place a mirror at the bottom of the potential so the system is conservative and we have infinite parabolas, one for each bounce. It is possible to write the general solution in the following way in terms of the period
where T 2 = 2x 0 /g is the drop time and Θ(t) is the Heaviside step function. This solution can be expanded in Fourier series in order to be compared with the quantum case [4] , giving
B. Quantum bounce
Now we study the quantum behavior of a massive quantum particle in the presence of this constant gravitational field. The motion of a falling particle above a mirror is known as the quantum bouncer [4, 5] , the reflective potential potential can be simulated by solving the Schrödinger equation in the region x > 0. For neutrons the characteristic length scale of the system is of the order of peV, an energy scale that can be used in measurements of fundamental constants and gravitational effects beyond Newtonian theory [6] .
For this gravitational potential V (x) = mgx, the quantum Hamiltonian operator iŝ
whose eigenvalue equation is
ψ n (x) are the wave eigenfunctions and E n the energy spectrum. Equation (6) can be rescaled to be dimensionless by introducing a characteristic length and energy scales
Thus, with the new variables x = x lg and E = E mglg , Eq. (6) turns into an Airy equation of the form ψ (x ) = (x − E )ψ(x ), whose solution are the Airy functions shifted from the roots x n as follows
where the N n are normalization constants. The Airy function is defined by
The energy spectrum is written in terms of the zeros of the Airy function, x n > 0, such that E n = mgl g x n , for n = 1, 2, . . . An analytical approximation of x n for large n is given in [7] , yielding for the energies
The first eigenvalue for n = 1 is equal to E/(mgl g ) = 2.33811, while the approximation (11) gives the value of E/(mgl g ) 2.32025, which only differs from the former by 0.76372%. For neutrons with mass 940 MeV/c 2 the corresponding gravitational length is l g = 5.87µm, whose corresponding energy scale is E g = 0.602 peV, [6] . Recently, experiments showing that the transitions between the quantum states of neutrons can be triggered by the vibrations of a mirror have been proposed. In such cases the quantum bouncer is used for measurements of sensitivity in gravity tests [8, 9] .
An approximation of the evolution of the expectation value for position in (5) with gaussian initial wave packet Ψ(x, 0) = 2/πσ 2 1/4 e −(x−x0) 2 /σ 2 , where σ is its width and is height is x 0 , can be given for high quantum energies, corresponding to the semiclassical limit, and is as follows
Note that for large height x 0 the first factor in the sum (12) tends to unity and the Fourier series of (3) is retrieved. As shown in [4] , for certain initial states the expectation values of the position bounce, collapse to the classical value for some time, and then revive and start to bounce again. The revivals can be interpreted as an interference between different sections of the wave packet that have already bounced. This system has also been approached with the WKB approach with which is the possible effect of tunneling resonances [5] . Further, it has been found that a falling wave packet can have a diffractive structure depending on its initial dispersion, if it is wider than the characteristic length l g , it falls as a free packet, but if it is smaller, it has a diffraction pattern [10] . Certainly, the appearance of such collapses and revivals was visualized on light propagation in an optical waveguide [11] . This model has been further extended to matter-wave soliton that bounces more like a particle compared to the wave packet [12] .
III. MOMENTOUS EFFECTIVE FORMULATION OF THE QUANTUM FALLING PARTICLE
As it is well known it is impossible to know simultaneously the position and momentum of a quantum particle or system due to the Heisenberg uncertainty principle, that is, there exist no quantum trajectories analogous to the classical evolution. However, as we mentioned above, there is a particular semiclassical formalism in which a quantum mechanical system can be studied as a classical Hamiltonian system but in a infinite dimensional phase space, where the additional degrees of freedom are directly related to the expectation values of all the infinite many quantum dispersions [3] . This formalism was first applied to soluble models of loop quantum cosmology to show the existence of a quantum bounce at the beginning of the universe [13] [14] [15] [16] . However, it has also been studied in other systems such as anharmonic oscillators [17] , and also two dimensional systems as the quantum Kepler problem [18] . The name of momentous effective quantum dynamics comes from the similarity of the quantum variables, that are the expected values of the dispersions, with the statistical moments of the probability distributions, although the former also contain additional quantum effects from the non commutativity of the quantum operators [19] . One of the very interesting features of such formulation is that it yields a classical dynamical evolution that is, one can obtain trajectories for the quantum evolution provided with suitable initial conditions, laying an ideal ground for comparison between different analysis.
For a system with one degree of freedom the expectation value of quantum dispersions or momenta are defined as follows
where, the completely symmetric or Weyl order of the operators is used. The evolution of the system is generated by an effective Hamiltonian H Q , which is corrected form the classical one by quantum effects induced by the expectation values of dispersions, and is obtained through a Taylor expansion around the expectation values of the canonical variables
where p = p and x = x are the expectation values of the momentum and position operators, and a, b = 0, 1, 2, . . ., such that a + b ≥ 2.
For the gravitational potential we get the following
An interesting feature of this system is that the Hamiltonian is finite in quantum corrections, just G 0,2 appears in the previous equation, so we can obtain its exact description.
The momenta G a,b , being the expectation values of generic products of momentum and position operators must satisfy generalized uncertainty relations, given that the expected value of the operators squared satisfies Schwarz inequality [13] 
Equations of motion, for momenta and classical phase variables, are obtained with the Poisson brackets with the effective Hamiltonian (15), [3, 13] 
In the case of Hamiltonian (15) the equations of motion for expectation values x, p, reduces to the classical Hamiltonian equations because the sums in (17) and (18) will give no contribution, indeed this occurs if the effective Hamiltonian is at most quadratic in canonical variables. Therefore the motion equations are the following
As can be seen classical and quantum variables decouple. It is straightforward to solve them, and we obtain As in (3) it is possible to write the solution in terms of the period obtaining a series of bounces bounded by the uncertainty ∆x. The behavior of Eq. (28) is shown in Fig. 1 the proposed values of the dispersion dimensionless constant α. We realize that at the maximum of the trajectory, the absolute value of the uncertainty is a maximum. However, the behavior of the dispersions is the same in each period. The case of the momentum is very simple since the uncertainty is always constant at each point, so the graph will be a straight line with a constant fringe. Finally, the covariance is linear in t, which means that as we evolve in time the dispersions of classical variables will be more correlated up to a maximum in each period, due to quantum effects. Indeed the strength of the correlation is proportional to the characteristic energy E g .
IV. DISCUSSION
We have employed the momentous effective semiclassical description of quantum mechanics to study the behavior of a particle under the influence of a gravitational potential. We showed how the usual Schrödinger evolution in quantum mechanics can be analyzed with an equivalent semiclassical dynamical system for which a Hamiltonian is obtained. The dynamical phase space variables of this system, (x, p) together with all quantum dispersions G a,b encode all the information of the quantum system, making the study of quantum systems more tractable for a particular truncation.
The quantum behavior of a massive particle bouncing in the presence of a gravitational field, which is usually called a quantum bouncer, is used to model some experiments to measure sensibility in gravity tests, making the former a very interesting scenario to consider. This model has also been used to test various scenarios of super symmetric gravity [21] and quantum gravity, particularly in those that involve particular length scales, it was possible to impose bounds on those parameters of the theory [21] [22] [23] [24] .
In this work we showed that, for the case when there are no initial correlation between position and momentum, the effective Hamiltonian acquires quantum corrections related to the characteristic, ground-state energy and to the gravitational length l g . The classical trajectory is bounded by the value of the time-dependent momentum G 0,2 , because of the generalized uncertainty relation. It is worth mentioning that there are previous studies in the semiclassical regime for this quantum bouncer. For instance, in [25] time-dependent solutions for different expectation values, for certain Gaussian states where found. It is interesting to note that they obtain a result very similar to ours for the dispersions in x and p. However, since they do not consider the correlation between them, the product of ∆x∆p is a function of time, unlike our case, which is constant. The method of momentous effective quantum mechanics employed here results very suitable for the quantum bouncing ball for it provides a very detailed description of the evolution of the particle, which can be contrasted with experimental observations and measurements [6, 8, 9, 11, 12] . The application of this method to the study of semiclassical states for more quantum systems, especially those with high experimental precision, will be carried out elsewhere.
